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This paper is a report of an investigation of an approximate 
method for finding the principal mode frequency roots for beams in 
transverse vibration. The method utilizes approximate transmission 
matrices obtained by a power series expansion of the basic differential 
equation which governs the transmission matrix. 
Investigation has been carried out to examine the efficiency of 
the method in producing the first several normal mode frequency roots. 
This has been achieved by applying the method to several uniform and 
non-uniform beams and comparing the results with the exact solutions. 
The technique has further been applied to non-uniform beams of tapered 
rectangular cross section and the results are given in non-dimensional 
form for use in practical application. 
Frequency root errors obtained by this method when applied to 
uniform beams of Fixed-Fixed and Fixed-Free ends are seen to be 
proportional to l/N2 (N, the number of segments), when two terms in 
the series are considered and N is large. With three and four series 
3 terms errors are proportional to 1/N • The method utilizes only two 
variables of the beam to be analyzed, the cross sectional area and 
the area moment of inertia. Progressively better results are obtained 
by increasing the number of terms in the series. 
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The mathematical theory for vibration problems involving uniform 
and non-uniform continuous beams has been in existence for some time. 
Systems which are repeatedly confronted in practice involve beams of 
non-uniform and non-continuous cross sections, mass per unit length, 
loading, etc., and are very difficult to solve exactly. People have, 
therefore, tried to solve problems of this sort by various techniques. 
One common method used is the lumped parameter approximation whereby 
the beam is replaced by a finite N degree of freedom system consisting 
of lumped elements, i.e., massless springs, point masses, etc. Another 
approach is to obtain an approximate transmission matrix for a beam 
segment in terms of the governing matrix which defines the state 
vector of the beam element. 
This later technique has been suggested and investigated for 
one-dimensional systems by Rocke [1]. The objective of this work is 
to apply this technique in determining the normal mode frequency 
roots for different types of uniform and non-uniform beams in transverse 
vibration. 
In Chapter I the concept of the transmission matrix has been ex-
plained. Taking a general transmission element, the governing matrix 
is evaluated and the series expansion of the transmission matrix has 
been discussed. The transmission matrix has been evaluated for steady 
state sinusoidal variation of forces and motions which are transmitted 
through a linear elastic element. 
In Chapter II the accuracy of the method has been examined on 
the basis of the frequency root errors for uniform beams with Fixed-
Fixed and Fixed-Free ends. To qualitatively evaluate the accuracy, 
the approximate principal mode frequency roots have been compared 
2 
with the corresponding exact solutions. These comparisons are 
displayed as a plot of the percentage frequency root error against the 
number of segments in the beam. 
Chapter III deals with the application of this method to non-
uniform beams. First, the transmission matrix is evaluated for a class 
of non-uniform elements. Secondly, the frequency roots have been cal-
culated for several different cases of non-uniform beams. These results 
have been compared to those obtained by other investigators. H. H. 
Mabie [4] has calculated dimensionless frequency roots for beams of 
tapered rectangular sections with fixed-simply supported ends. G. w. 
Housner [3] has worked on tapered, cantilever beams of rectangular and 
circular sections. The results obtained by this method have been 
compared with their exact solutions and frequency root errors calcu-
lated. Finally, dimensionless frequency roots, for beams of tapered 
rectangular sections with fixed-fixed and pinned-pinned ends, have been 
found and are given in table and plot form such that they can be used 
in practical vibration problems. 
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CHAPTER I 
DISCUSSION OF TRANSMISSION MATRIX THEORY 
1.0 Concept of Transmission Matrices 
A transmission matrix relates the state vector, composed of forces 
and dis.placements, at the output end of an element with the state 
vector at the input end. It describes the manner in which sinusoidal 
forces and motions are transmitted through a linear elastic element 
during steady state conditions. 
A general transmission element is shown below. The state vector, 
{~}, is a column vector consisting of elements which describe the 
forces (and/or moments) and displacements (translational or angular) 
at the point of interest •• 
{1/J} input 
------t T .. l.J 
{1/J} output 
-- .... 
Fig. 1 General transmission element 
The form of the transmission matrix commonly used is given by: 
{~}input= [T] {~}output (J..l) 
where [T] is conunonly designated the "Forward Transmission Matrix". 
The arrows in Fig. (1) indicate the direction of positive forces and 
displacements. The forces in the respective state vectors are those 
applied to the input and those applied by the output ends. 
When the elements considered are the segments of a continuous 
body like a beam, they are in an end-to-end or chain-like arrangement 
for which the transmission matrix approach is best suited. The 
transmission matrix for a system composed of N segments has the 
following characteristics: 
Fig. 2 Beam segmented into N elements 
Employing the definition for the transmission matrix eq. (1.1) to 
the segments in Fig. (2) 
Since from Fig. (2) 
and 
similarly: 
{~} = {~ }. 1 output 2 lnput 
{~2} [T2] {~3} 
{~3} = [T3] {~4} 
where the state vector at any point is designated as: 
{~.} i = 1,2,3,4 . 
l 
• • n 
4 
representing the state vector of the ith segment at the input end. Thus, 
for the total end-to-end arrangement: 
... [T 1]{~ } 
n- n 
(1.2) 
which is obtained by successive substitution of state vectors. It is 
5 
worth noting that the state vector at the output end of one segment is 
the same as that at the input end of the next, as indicated above. 
As indicated in the introduction, this work deals only with 
transverse vibrations of straight beams in which case the displacement 
at a point i is w. and slope is¢ .. The internal forces at this point 
1 1 
are the bending moment Mi and the transverse shear force Vi which are 
associated with the slope¢. and displacement w., respectively. Hence, 
1 1 
the state vector at point i for the problem of interest has four compo-
nents and is given by: 
v 
{ljJ}i M = where i refers to a particular 
w 
¢ 
point. (1. 3) 
To treat uniform and non-uniform beams via the transmission matrix 
approach, we consider a straight beam as represented in Fig. (3) of 
length 2, divided into N segments. In the following chapters an 
Fig. 3. End to end arrangement of beam elements 
explanation as to the formation of the transmission matrix for dif-
ferent cases is given. The transmission matrices for the individual 
segments are different in the case of non-uniform beams and they are 
identically the same in the case of the uniform beam. In this work, 
the transmission matrix has been utilized to obtain the characteristic 
determinant for particular end conditions from which frequency roots 
6 
are calculated. Considering the beam shown in Fig. (3) and applying 
Eq. (1.2) for the total end-to-end arrangement, the state vector 
at the input end can be related to that at the output end as: 
or {•'•}. - [T]{•'•} ~ 1nput ~ output (1. 4) 
where 
and is called the total transmission matrix, which is the product of 
the N matrices for the N segmentsof the beam. In the above [T.] 
1 
represents the transmission matrices for the individual segments and 
are each of the same order. Let these matrices be of order m by n. 
In order that we can multiply [Ti] and [Ti+l] of order m by n and m by 
n, m has to be equal to n. Therefore, [T.] are necessarily the 
1 
matrices of order n by n and the product matrix [T] is also of the 
same order n x n. In the case of transverse vibration, {ljJ} is a 




= n[T] {1jJ}4 
output 
Conformity with the matrix multiplication rule requires that the 
matrix [T] in Eq. (1.4) has to be of order 4 by 4. Therefore, 
Eq. (1.4) may be written as: 
v Tll T12 Tl3 Tl4 v 
M T21 T22 T23 T24 M 
= 
w T31 T32 T33 T34 w 
<P input T41 T42 T43 T44 <P output 
The total transmission matrix is used to form the characteristic 
determinant for various boundary conditions, e.g.' for fixed and 
free ends. The case of a Fixed-Free beam where the fixed end 
(1. 5) 







Fig. 4 Beam with Fixed-Free ends 
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Characteristics of fixed and free boundary conditions are that bending 
moments and shearing forces at free ends are zero, whereas at fixed 
ends deflections and slopes are zero. Substituting these conditions 
into Eq. (1. 5) for a fixed-free beam gives: 
v. Tll Tl2 Tl3 Tl4 0 1 
M. T21 T22 T23 T24 0 1 (1. 6) = 
0 T31 T32 T33 T34 w 0' 
0 T41 T42 T43 T44 ¢0 
where the subscripts i and o represent input and output quantities, 
respectively. 
Writing the equations from expression (1.6) separately gives: 
v. = Tl3 w + Tl4 ¢0 1 0 
M. = T23 w + T24 ¢0 1 0 (1. 7) 
0 = T33 w + T34 ¢o 0 
0 = T43 w + T44 ¢o 0 
The last two equations of (1.7) can be satisfied with nonzero values 
of w and ¢ only if the determinant formed by the coefficient of these 
0 0 
two variables is equal to zero, that is: 
= 0 (1. Sa) 
8 
Therefore, 
which is the characteristic equation for Fixed-Free ends. The total 
transmission matrix is formed by multiplying in order the transmission 
matrices for N segments of the beam. The transmission matrix for 
2 
each individual segment involves elements including w . Therefore, 
the characteristic Eq. (1.8b) 2 becomes a polynomial of w to some 
power. The roots of the characteristic equation are the normal 
mode frequencies for the system with the specific end conditions. 
Other end conditions and the resulting characteristic 
determinants are given below. 
Fixed-Free 
w = 0 M 0 





Fixed-Fixed t ~ 
w 0 w 0 
cp = 0 (b) cp = 0 
Characteristic determinant 
T31 T32 
0 (1. 9b) 
T41 T42 
Fixed-Simply supported 
I 0 0 t w = w = 








t w = 0 w 0 
M 0 (d) M 0 
Characteristic determinant 
T21 T24 
= 0 (1. 9d) 
T31 T34 
Free-Free 
M = 0 M = 0 
v = 0 (e) v 0 
Characteristic determinant 
Tl3 Tl4 
= 0 (1. 9e) 
T23 T24 
Fig. 5 Beams with various end conditions and 
the corresponding characteristic determinants. 
Several of the above characteristic determinants have been used in 
later sections. 
10 
1.1 Definition of State Vector 
In the previous section the relationship between state vectors at 
two points through the transmission matrices has been shown. In this 
section the relationship between the different components of the state 
vector for a Bernoulli-Euler beam element is described. For a straight 
beam in transverse vibration, the displacements of interest at point i 
are the transverse deflection w. and the slope¢ .• The internal forces 
1 1 
are the moment M. corresponding to slope ¢. and the shear force V~ 
1 ~ ~ 
corresponding to the displacement w .. The state vector in this case 
~ 





In order to derive expressions relating various components of 
the state vector, an elastic beam element of length dx has been con-
sidered (see Figure 6). The assumptions made consistent with the ele-
mentary Bernoulli-Euler beam theory are: 
1. Shear deflection and rotary inertia effects are small and 
negligible. 
2. p and E are assumed to be constants. 
3. Area A(x), and stiffness EI(x) are variables. 
llie coordinate system and sign convection used are as follows. The 
righthanded cartesian coordinate system has been used, x axis coincides 
with the longitudinal centroidal axis of the element. Positive direc-
lion of the coordinate system has bean indicated by the direction of 
the arrows. Positive displacements coincide with the positive direc-
tion of the coordinate system. 
11 
Fig. 6 Non-uniform elastic beam element. 
Fig. (6) shows the elemental segment under consideration. For 
a negative displacement w of the element the forces and moments acting 
are as shown in Fig. (6). The inertia force is mass x acceleration 




Assuming sinusoidal displacements 
w w sin wt 
0 
Therefore, 2 w =-w w 
Summing forces on the dx element for dynamic equilibrium gives: 
ov 2 V - V - ox dx + pA(x)w w dx = 0 
or 
Summing moments acting on the element about point A gives: 
2 dx oM dV 2 M + pA(x)uJ w dx (-) - H - - dx - Vdx - -. - (dx) = 0 2 dX dX 
Neglecting terms involving (dx) 2 this reduces to: 
dM 
-= 
dx - v 
We also have from basic mechanics of materials: 
dx 
2 d2w 
¢, :x; = *' EI (x) dx2 = -M dw -= 
12 
or .4P_ = _ M 
dx EI(x) 
Collecting these terms and expressing them in matrix form gives: 
.L v 0 0 pA(x)li 0 v dx 
M -1 0 0 0 
= 
(1.13) 
w 0 0 0 1 
<P 0 -1/EI(x) 0 0 <P 
Therefore, the differential equation for the state vector becomes: 
d dx(l)J(x)} = [A(x)] {ljJ(x)} (1.14) 
where 
0 0 Z(x) 0 
A(x) -1 0 0 0 = (1.15a) 
0 0 0 1 
0 -Y(x) 0 0 
and 
Z(x) pA(x) 2 = w 
(1.15b) 
Y(x) = 1/EI (x) 
13 
1.2 Direct Derivation of Transmission Matrices 
The technique used herein to obtain the transmission matrix is 
relatively recent, used by Pipes [8] and Rocke [1] and is pertinent 
to the expansion methods' to be employed to obtain approximate trans-
mission matrices herein. 
As derived in section (1.1), the differential equation which 
defines the state vector is given by: 
~x {w(x)} = [A(x)] {w(x)} (] . 20) 
The matrix [A(x)] has been shown to be entirely determined by 
the differential equations which govern a dx increment of the 
system being considered during steady state sinusoidal oscillation. 
E L I ..... X 
Fig. 7 Beam element of general shape 
The forward transmission matrix, as it relates the input state 
vector of a continuous element to the state vector at any particular 
point x along the element, is given by: 
{w(o)} = [T(x)] {w(x)} (1.21) 
where {w(o)} represent the state vector at the input end, i.e., at 
X = 0. 
Differentiating the above with respect to x gives 
o = [T(x)]' {w(x)} + [T(x)] {w(x)}' 
where (') denotes Q_, differentiation with respect to x. 
dx 
Replacing {w(x)}' by Eq. (1.20), Eq. (1.22) reduces to: 
(1.22) 
14 
0 = [T'(x)] {~(x)} + [T(x)][A(x)]{~(x)} 
which upon elimination of ~(x) gives: 
d dx [T(x)] =- [T(x)][A(x)] (1.23) 
Therefore~ the transmission matrix is given directly by Eq. (1.23). 
By shrinking ~x + 0 in Eq. (1.21) the first initial condition becomes: 
or 
{~(0)} = [T(o)]{~(o)} 
[T(o)] = [I] 
Substituting this result into Eq. (1.23) gives: 
[T(o)'] =- [A(o)] 
(1.24) 
(1. 25) 
By differentiating Eq. (1.23), similar results are obtained for the 
second derivative: 
~x [T'(x)] =- [T'(x)] [A(x)]- [T(x)][A'(x)] 
but [T'(o)] =- [A(o)] 
[T"(o)] = [A(o)] 2 - [A'(o)]. (1. 26) 
Differentiating the basic equation again gives: 
!L[T"(x)] =- [T"(x)][A(x)]- [T'(x)][A'(x)]- [T'(x)][A'(x)]-dx 
[T (x)] [A" (x)] 
- " [T (o)] =- [T"(o)][A(o)]- 2[T'(o)][A'(o)]- [T'(o)][A(o)] 
Substituting for [T"(o)] and [T(o)] gives: 
,, 2 [T (o)] =- {[A(o)] - [A'(o)]} [A(o)] + [A(o)][A'(o)] 
+ [A(o)][A'(o)] - [A"(o)] 
[r"'(o)] =- [A(o)] 3 + [A(o)][A(o)] + 2[A(o)][A'(o)]-(A"(o)] 
(1. 27) 
This process can be continued to obtain as many initial conditions 
as required to evaluate the constants which arise in solving Eq. (1.23). 
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1.3 Power Series Expansion of Transmission Matrices 
Pestel and Leckie [2] have briefly described how the Runge-Kutta 
and Picard iteration methods can be employed to numerically integrate 
the differential equations which define. the state vector; 
i_ {~} = [A(x)J{~} dx (1.30) 
for non-uniform continuous systems resulting in a transmission matrix. 
Another approach suggested by Rocke [1] is to use a Maclaurin series 
expansion which utilizes the following differential equation 
d dx [T(x)] =- [T(x)][A(x)] (1.31) 
which is the basic definition of the transmission matrix. This approach 
appears attractive because of the fact that it utilizes the known 
variables pA(x) and EI(x) which appear as the only two variable terms 
in the governing matrix [A(x)]. This method, unlike common lumped 
parameter approximations, does not rely upon finding equivalent uniform 
cross sections or lumping masses at discrete points according to any 
established manner. However, this method is still an approximation 
whose accuracy depends upon the number of terms in the expansion series 
considered. 
Considering the transmission matrix for one segment of a beam 
and expanding [T(x)] in a Maclaurin series about the origin of the seg-
ment gives: 
2 3 
[T(x)] = [T(o)] + x[T'(o)] + ~! [T"(o)] + ~! [T (o)] + 
higher order terms (1.32) 
The condition for the Maclaurin series that the function be 
piecewise analytic in this case requires through Eq. (1.31) that the 
variables in [A(x)] be piecewise analytic. In particular they must be 
16 
analytic in the region between the points i and i+l for which the 
transmission matrix is being approximated. By definition 
[T(o)] = [I], the identity matrix (1. 33) 
Using the first three derivatives of [T(x)] from Eqs. (1.25, 1.26, 
1.27) and evaluating at the origin of the increment, Eq. (1.32) 
becomes: 
2 2 3 3 
[T(x)]= [I]- x[A(o)] + ;! {[A(o)] - [A'(o)]} + ~! {-[A(o)] + 
[A(o)][A(o)] + 2[A(o)[A'(o)]- [A"(o)]} + (1. 34) 
The notation [ ] designates a matrix. It is to be kept in mind that 
in the case of transverse beam vibrations this is a matrix of order 
four. Therefore, the algebraic sum of the right hand side results in 
a matrix consisting of four rows and four columns which becomes the 
desired transmission matrix for a particular segment. The value of 
xis to be replaced by the length of the segment in Eq. (1.34). 
Since higher order terms are neglected this method becomes a 
low frequency approximation for the system, because of the fact that 
2 
every [A] or its derivative contains the square of the frequency, w . 
It is conceivable at this point how the transmission matrix is 
constituted. As stated earlier, the variables in the governing matrix 
are area, A(x), and area moment of inertia of the section about an 
axis perpendicular to the neutral axis along the length, I(x). For 
beams of uniform section these terms are constant and therefore, 
"' [A' (x)] = [A" (x)] = [A (x) ] = = 0 (1. 35) 
For the uniform beam, Eq. (1.34) then reduces to: 
(T(x)] = [I) - x[A(o)] x
2 2 x3 3 +21 [A(o)] -3! [A(o)] + •... (1. 36) 
The above series has an infinite number of terms. For application to 
practical problems and to avoid cumbersome arithmetic, a finite 
number of terms are considered. In general, results have confirmed 
that the accuracy of [T(x)] is improved as more terms are included 
in the series. The primary objective of this work is to investigate 




EVALUATION OF THE APPROXIMATE TRANSMISSION MATRIX 
FOR UNIFORM BERNOULLI-EULER BEAM ELEMENTS 
The derivation of the transmission matrix for a general beam 
element has been shown in the previous chapter. Equation (1.34) 
represents the transmission matrix in terms of an infinite series. 
In practice, to evaluate the transmission matrix only a finite number 
of terms in the series are used. Since only a fixed number of terms 
in the series are considered, the resulting matrix becomes an 
approximate transmission matrix. To examine the accuracy of this 
approximation work was carried out first with the uniform beam. 
Availability of the exact solutions for the uniform beam with various 
end conditions provides a basis of comparison for the results given 
by this method. To qualitatively evaluate the accuracy of a method 
for the solution of vibration problems, a common practice is to 
compare the frequency root obtained by the method with the corres-
ponding exact solution. These comparisons are displayed as a plot 
of the percentage frequency root error against the number of 
segments in the beam. This procedure determines a gross level of 
error and illustrates the convergence to the exact solution. 
2.0 The Approximate Transmission Matrix 
The approximate transmission matrix evaluated herein consists of 
the first two, three, or four terms of the series solution. As derived 
previously, the expansion series for the uniform beam takes the form: 
18 
19 
[T(x)] 2 2 3 3 =[I]- x[A(o)] + ~! [A(o)] - ~! [A(o)] + ... (2.1) 
The governing matrix for the uniform beam element from Eq. (1.2) 
becomes: 
[A(x)] 0 0 pA(x)w2 0 
-1 0 0 0 
0 0 0 1 (2. 2) 
0 -1/EI(x) 0 0 
where 
p = density of the material of the beam. 
A area of cross section which is constant. 
I moment of inertia of the section area about an axis 
perpendicular to plane of the figure. 
E Young's modulus of elasticity of the material. 
Throughout this paper in the areas where numerical calculations 
have been made the value of E 30xl06 psi and p = 0.339 lb/in3 
has been taken for steel material. All results have been cast 
into non-dimensional form, however, to apply to general cases. 
Since area A, and moment of inertia I are constants, the 
governing matrix [A] is constant, i.e., [A] is independent of x. 
Writing a 2 pAw b = 1/EI. The governing matrix becomes: 
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[A(o)] 0 0 a 0 
-1 0 0 0 
0 0 0 1 (2.3) 
0 -b 0 0 
and 
[A(o)] 2 [A(o)] [A(o)] 0 0 0 a 
0 0 -a 0 
0 -b 0 0 
(2.4) 
b 0 0 0 
[A(o)] 3 = [A(o) ] 2 [A(o)] 0 ab 0 0 
0 0 0 -a 
b 0 0 0 (2.5) 
0 0 ab 0 
In Eq. (2.1) [T(x)] is the transmission matrix of 4 by 4 elements. 
Substituting the values of [A(o)], [A(o)] 2 etc., in this equation gives: 
[T(x)) = 1 0 0 0 0 0 a 0 0 0 0 a 
0 1 0 0 -1 0 0 0 2 0 0 -a 0 
- X +X 
0 0 1 0 0 0 0 1 0 -b 0 0 
0 0 0 1 0 -b 0 0 b 0 0 0 
0 -ab 0 0 
3 0 0 0 -a 
X 
+ (2.6) 6 -- -- .. b 0 0 0 
0 0 ab 0 
Sununation of right hand side gives: 
3 2 
Tll 1 T12 
X x a 
= = -ab Tl3 = -xa Tl4 = 6 2 
.2 3 




X = = = 2 6 
x 3b x 2b (2. 7) 
T31 = T32 = T33 = 1 T34 = -x 6 2 
x 2b 3 
T42 xb 
x ab 1 T41 = 2 = T43 = --- T44 = 6 
Equations (2.7) represent the elements of the transmission matrix 
where x has to be replaced by the length of the segment of the beam. 
For a beam of length L, divided into N segments, x = L/N. The 
transmission matrix so formed is for one particular segment. For the 
total beam N such transmission matrices (which are all the same for 
uniform cases) are to be multiplied to give a transmission matrix 
describing the whole system relating input quantities with output, or 
{~}input= [T]{~}output (2.8) 
The transmission matrix given by Eq. (2.6) uses the first four 
terms in the power series. If two or three terms are taken, terms 
containing the appropriate power of x have to be included. When three 
terms are taken, terms which involve x 3 would not be included. Hence, 
the transmission matrices formed with different numbers of terms are 
different. With three terms of the series Eq. (2.6) reduces to: 
[T (x)] = 1 0 0 0 0 0 a 0 0 0 0 a 
0 1 0 0 -1 0 0 0 2 0 0 -a 0 
-X +~ 
0 0 1 0 0 0 0 1 2 0 -b 0 0 




And with two terms it reduces to: 
(T(x)]= 1 0 0 0 0 0 a 0 
0 1 0 0 -1 0 0 0 
- X (2.9b) 
0 0 1 0 0 0 0 1 
0 0 0 1 0 -b 0 0 
2.1 Calculation of the Frequency Roots 
As mentioned in the previous section, the transmission matrices 
for each of the uniform beam segments are identical. With the trans-
mission matrices as given by Eq. (2.7,2.9) at hand, the next step 
towards finding the frequency roots is to select the number of terms 
in the series and the corresponding transmission matrix. If N is the 
number of segments into which the beam is divided, then multiplication 
of N such transmission matrices will produce the total transmission 
matrix for the beam. 
From the total transmission matrix, depending on the end condition 
of the beam considered, the characteristic determinants as given by 
Eq. (1.9) are formed. The values of w for which the characteristic 
determinant becomes equal to zero give the frequency roots of principal 
modes. An IBM System/360, Model 50 digital computer has been used to 
iteratively form the total transmission matrix and the characterisitc 
determinant with changing values of w until the frequency root was 
obtained. Work has been carried out with beams of two different end 
conditions and the frequency roots obtained have been compared with the 
exact solutions. 
The two cases of uniform beams chosen are of Fixed-Fixed ends and 
Fixed-Free ends. Frequency roots for these two cases have been 
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calculated by this method with the number of segments varying from four 
to twenty (in the increment of two) and for number of terms two, three 
and four in the series. For the computational work, the dimension and 
the material for the beams were chosen arbitrarily as follows: 
Steel material for the beams with E, the Young's Modulus = 
30xl06 psi, p, the weight density= 488 lb/ft3 • Cross section circular, 
with diameter of the beam= 4", and the length= 80" 
~~--------~~~4~in~.d~ia~·------~ 
I """•---------- 80 in . ...,, 
@ 4 in.dia. I 
8 0 i n...!.·-----_.,..----4•-tl 
Fig. 8 Uniform beam with Fixed-Fixed and Fixed-Free ends 
In the later part of this section, comparison of the frequency 
roots given in this method with exact solutions has been shown. The 
exact solutions for the frequency roots of the two cases of beams 
shown in Fig. (8) are found to be the following: 
The characteristic equation for a beam of Fixed-Fixed ends is 
of the form: 
cosh (KL). cos (KL) - 1 = 0 (2.10) 
The characteristic equation for Fixed-Free ends is of the form: 
cosh (KL). cos (KL) + 1 = 0 (2.11) 
Where L = length of the beam 
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and K-''·~ \/~ 
The roots of the characteristic Equations (2.10,2.11) give the 
frequency roots for the respective cases. The frequency roots obtained 
from the above two characteristic equations for the first three princi-
pal modes are listed below: 
Frequency Roots (Rad/Sec) 
End Condition 1st Mode 2nd Mode 3rd Mode 
Fixed-Fixed 646.1064 1780.3271 3485.2165 
Fixed-Free 101.5346 636.3220 178L1257 
By the approximate transmission matrix frequency roots are given 
by the characteristic determinants given by Eq. (1.9b) for the Fixed-
Fixed ends and by Eq. (1.9a) for the Fixed-Free ends. The characteristic 
determinant in fact gives a polynomial in w2 , the solution of which gives 
the frequency roots. 
Dimensions and all other parameters of the beam remaining constant 
the characteristic determinant becomes only dependent on the choice of 
initial selection of w. Therefore, the characteristic determinant, 
D(w), becomes a function only of w. 
To obtain the frequency roots a digital iteration process was 
employed. An initial value was assumed for the frequency root and 
using this value, the characteristic determinant evaluated from Eq. (1.9). 
The value of the frequency roots was then successively changed so as 
to make the value of the determinant approach zero. 
A general computer program was made to give the frequency root 
for various numbers of segments with 2,3, and 4 series terms. With a 
small number of segments the root deviated nearly 100% from the exact 
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ones. This fact posed a difficult problem for the iteration process, 
because small increments in w could not be used to cover the whole 
frequency range without consuming a large amount of computer time. For 
this iteration process the following technique was found adequate. 
Suppose it is desired to find the third mode frequency root of the beam 
with Fixed-Free ends, as shown in Fig. (8), where the exact value is 
1781.1257 RAD/SEC. (See table on page 24). Considering 10 segments 
of the beam and two series terms in the approximate matrix for each 
segment, the percentage frequency root error is found to be about 100%. 
A starting value of 1500 for the frequency root was arbitrarily selected 
for this case and the characteristic determinant given by Eq. (1.9a) 
was evaluated. To reduce the number of iterations required a large 
increment dw of 200 was first applied to the initial frequency root 
value of 1500 and D(w) was again evaluated. This process was repeated 
with the same increment until the value of D(w) changed sign from 
positive to negative or vice versa. 
As soon as a sign change occurs dw is made equal to dw/2 and 
the evaluation of D(w) is repeated starting with the value of w just 
before the sign change occurred. This process is continued each time 
reducing the value of dw to half its previous value whenever a change 
in sign occurs for D(w). After nine such reductions, with the initial 
incremental value of 200, dw was reduced to about 0.375 which was 
considered to be a reasonable limit for further linear extrapolation 
as explained in Fig. (9). 
Since this value of dw is very small compared to the magnitude 
of the frequency root it is reasonable to assume that the function D(w) 










Fig. 9 Representation of iterative scheme used 
Referring to Fig. (9), AB represents the assumed straight line 
for D(w) for a variation dw of the frequency root such that w2 = 
w1 + dw, where dw is 0.375 and D(w) and D(w2) are of opposite sign. 
The point of intersection of AB with the w axis gives the desired 
frequency root which can be expressed by the relation: 
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CD • DB 
w = wl + AC + DB (2.11) 
Considering the fact that the difference in the values of the 
frequency roots obtained by the exact method and the approximate 
transmission matrix method are in many cases large compared to the 
final value of the increment dw, the above assumption of a·straight 
line variation for D(w) within the range dw does not indicate an 
appreciable error. 
The statement above concerning the accuracy of the result, may 
be understood by taking a particular result. The frequency root for 
Fixed-Free case with 20 segments in the beam and four terms in the 
series was found to be 1779.0513. Referring to Fig. (9) w1 was found 
to be 1778.7430 and w2 was w1 + 0.375. The line segments AC and BD 
represent the values of the characteristic determinant given by 
Eq. (1.9a) for w1 and w2 , respectively. Since it is clear that 
the solution by this method lies between w1 and w1 + 0.375, the root 
calculated by Eq. (2.11) can be assumed to be accurate to the second 
decimal place provided D(w) does not change abruptly between these 
two points. 
Higher mode frequency roots have higher values and to reduce 
the number of iterations necessary to locate the first change in sign 
of the characteristic determinant, higher initial values of dw were 
used. For higher initial values of dw, nine successive changes in dw 
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resulted in correspondingly higher final values of dw for the iteration 
process shown in Fig. (9). Therefore, for higher modes the accuracy of 
the results are expected to be lower than those of lower modes. 
The frequency roots obtained by this method have been compared 
with the respective exact solutions. The comparison has been interpreted 
as the percentage frequency root error, giving the extent by which the 
roots given by this method deviated from the exact solutions. The 
percentage frequency root error has been expressed in the following 
way: 




X 100 (2.12) 
e 
where 
w = frequency root 0 obtained by 
the method concerned. 
w = frequency root obtained by the exact solution. e 
e = percentage frequency root error. 
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Frequency roots and percentage frequency root errors have been 
calculated for first, second, and third modes for Fixed-Fixed and 
Fixed-Free beams. Plots have been obtained for cases with two, three 
and four terms in the series constituting the transmission matrix for 
a beam element. The plot of percentage error against the number of 
segments in the beam has been shown in Figs. (10) for Fixed-Fixed case, 
and in Fig. (11) for Fixed-Free case. 
2.2 Frequency Root Error Characteristics 
The results for the frequency root evaluation are shown in Figs. (10) 
and (11) as plots of the percentage frequency root errors against the 
number of segments. A careful study of these plots indicates the behavior 
and characteristics of this approximate method. 
It has been observed from the plots of the percentage frequency 
errors shown in Fig. (10,11) that the percentage frequency root error 
decreases as the number of segments increases. The more terms in the 
series, the better is the result. Percentage frequency error is 
always lower with four terms in the series than that with three and two 
terms in the series. This is, however, true when number of segments 
are equal for all the said cases. It is quite interesting to note that 
for the two kinds of beam considered, i.e., Fixed-Fixed and Fixed-Free 
ends, the frequency root obtained by taking two terms in the expansion 
series, given by the Eq. (1.18), was always higher than the exact solu-
tion, but with three and four terms in the series it was always lower 
than the exact solution. Percentage frequency root error as given by 
Eq. (2.12) was therefore positive with two terms in the series and 
negative with three and four terms in the series. For convenience in 
representing the plot on semilog paper, absolute values of percentage 
frequency root errors are plotted against the number of segments. 
Unlike the standard lumped parameter models, the number of normal 
modes obtainable by this method cannot be predicted from the number of 
segments into which the beam is divided alone. In this method, to get 
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a frequency root in the third mode, the number of necessary segments is 
not necessarily three, but some other number which depends upon the 
number of terms in the series used to constitute the transmission matrix 
for the beam element. To illustrate this, let us take a beam with Fixed-
Free ends. Consider the transmission matrix to have been formed with two 
terms in the series. The transmission matrix for a beam element in the 
above case as given by Eq. (2.9b) is: 
[ T (x)] = 1 0 -xa 0 
X 1 0 0 
0 0 1 -x (2. 20) 
0 xb 0 1 
where a = p.AJJJ2 
b = 1/EI 
x = length of the beam element. 
The characteristic determinant for Fixed-Free ends beam as given by 




Now, to get a frequency root for the beam described above, if we 
(2.21) 
select just one segment, then x becomes the length of the beam (L) and 
Eq. (2.20) represents the total transmission matrix for the beam. 
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Therefore, the characteristic determinant becomes: 
-x 
= 0 (2. 22) 
1 
Notice that this determinant has no element containing the constant 
'a'' 
2 therefore, it does not contain any w term, showing that frequency 
root cannot be obtained in this case. However, when the number of 
segments is three, the total matrix is the product of three such 
matrices as given by Eq. (2.20) and becomes: 
[T(x)]= 1 0 -xa 0 1 0 -xa 0 1 0 -xa 0 
X 1 0 0 X 1 0 0 X 1 0 0 
0 0 1 -x 0 0 1 -x 0 0 1 -x 
0 xb 0 1 0 xb 0 1 0 xb 0 1 
1 3 x ab -3xa 
2 3x a 
= 
3x 1 2 3 13x a x a 
3 
-x b 2 -3x b 1 -3x 
(2.22) 
3x2b 3xb 3 -x ab 1 
In this case the characteristic determinant formed with the help of 
Eq. (2.21) gives: 
= o, 4 or 3x ab = 1. (2.23) 
The above Eq. (2.23) when solved yields one frequency root. The similar 
process with two segments of the beam will not yield any frequency root. 
It is seen, therefore, that to get a first mode frequency root for 
Fixed-Free ends, with two terms in the series at least three segments 
in the beam are required. 
Similarly, the minimum number of segments required for several other 
cases were found and are tabulated as follows: 
TABLE I Minimum number of segments required for a 
particular normal mode frequency root. 
End No. of 1st Mode 2nd Mode 
Conditions series terms Frequency Frequency 
Fixed- 2 3 4 
Free 3 2 2 
ends 4 2 2 
Fixed- 2 5 6 
Fixed 3 3 6 









Table I gives a quick means for selecting the number of segments for 
obtaining a particular normal mode. If for a beam of Fixed-Free ends, 
third mode frequency root is desired, then with the three terms in the 
series one has to take a minimum of four segments in the beam. 
As mentioned earlier and as it is observed from the plot of the 
percentage frequency root error curves the frequency root error de-
creases as the number of segments increases. The nature of the de-
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crease of the former with increase of the latter can be estimated by 
the slope of the curves. Comparison with the plots of 1/N, l/N2 , l/N3 , 
1/N4 , etc., against N, the number of segments, in the same scale gave 
the approximate nature of variation of percentage error. As an example, 
consider the plot of percentage frequency error with four terms in the 
series, which is lowest of the three curves in Fig. (lOa). This one 
was found very close to the plot of l/N3 versus N curve, showing, 
therefore, that the frequency root errors for Fixed-Fixed ends 
beam in first mode with four terms in the series, are approximately 
proportional to l/N3 . 
The errors in the natural frequencies using lumped parameter 
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models (Rayleigh's Model and Duncan's Model) as mentioned by Rocke [1] 
are proportional to l/N4 for large N, when neither end of the beam 
is free and to l/N2 for large N, when one or both ends are free. In 
the method concerned the errors behaved differently with different 
number of terms. However, the dependence of errors on the number of 
terms shows a greal deal of conformity with that of standard lumped 
parameter technique. From the curves shown in Fig. (10,11), the errors 
were found to be proportional to the number of segments N, in the way 
shown in Table (II) below: 
TABLE II Variation of frequency root error with the 
number of segments in the beam 
End No. of terms 1st Mode 2nd Mode 3rd Mode 
Conditions in the series Frequency Frequency Frequency 
Fixed- 2 l/N2 1/N; l/N2 
Fixed 3 l/N2 1/N l/N2 
ends 4 l/N3 1/N3 l/N3 
Fixed- 2 1/N2 1/N2 l/N2 
Free 3 l/N2 1/N2 l/N2 
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Fig. lOa First mode frequency root error for 






Fig. lOb Second mode frequency root error 
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Fig. 10c Third mode frequency root error for 
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Fig. 11b Second mode frequency root error 
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Fig. llc Third mode frequency root error 




EVALUATION OF THE APPROXIMATE TRANSMISSION MATRIX 
FOR NON-UNIFORM BERNOULLI-EULER BEAM ELEMENTS 
In the previous chapter, the approximate transmission matrix with 
two, three, and four series terms for the uniform beam element has been 
examined. The objective of this chapter is similar to that of the 
previous except non-uniform beams are to be described. The term non-
uniform is to imply strictly the non-uniformity of the cross-sectional 
area, rather than the material composition. There are several ways in 
which the cross-sectional area might vary. In this paper, two simple 
cases of tapered sections are considered, i.e., tapered rectangular 
sections and tapered circular sections. 
The work in this chapter may be broadly classified into three 
parts. First, the transmission matrix has been formed for non-uniform 
cases in a manner similar to the previous cases. Secondly, the fre-
quency roots have been calculated for several different cases of non-
uniform beams and the frequency root errors have been plotted as a 
function of N, the number of segments in the beam. Finally, dimension-
less frequency roots for different dimensions of non-uniform beams have 
been produced and given in curve form for use in practical vibration 
problems. 
3.0 The Transmission Matrix for a Beam Element of Tapered Rectangular 
Section 
The transmission matrix in Maclaurin's Series expansion form for 
the general case of a beam has been derived in Chapter I. Equation (1.34) 
shows the series expansion of the transmission matrix in terms of the 
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governing matrix [A(x)], evaluated at input face of the element being 
considered, i.e., at x = 0, and its derivatives evaluated at the 
same point. In the case of non-uniform beams, [A(x)] is not a constant 
and therefore derivatives of [A(x)] exist and appear in the right hand 
side of the expansion series. 
Taking up to four terms of the expansion series and rewriting 
Eq. (1.34) gives: 
x 2{ 2 • x 3 3 [T(x)] = [I] - x[A(o)] + 2T [A(o)] - [A(o)]} + 3T {- [A(o)] 
+ [A'(o)] [A(o)] + 2 [A(o)] [A'(o)] - [A"(o)]} (3.1) 
In order to evaluate right hand side x is replaced by the length 
of the segment and the values of [A(o)], [A'(o)], etc., are computed 
and combined according to the rules of matrix algebra. The trans-
mission matrix has been evaluated taking a beam of tapered rectangular 





Fig. 12 Non-uniform beam element of rectangular section 
The matrix [A(x)]for such an element is given as: 
41 
[A(x)] = 0 0 pA(x)w2 0 
-1 0 0 0 
0 0 0 1 (3.2) 
0 -1/EI(x) 0 0 
The only two variables appearing in [A(x)], in Eq. (3.2) are A(x), the 
area of cross section of the element at any point some distance x from 
input face and I(x), the area moment of inertia of the same section 
about an axis perpendicular to the longitudinal axis of the beam. 
The general expressions for the cross sectional area and area 
moment of inertia of the beams of tapered rectangular and circular 
sections have been evaluated in appendix A. These results are utilized 
to evaluate the quantities [A(x)], [A'(x)], etc. The series expansion 
of the transmission matrix derived in Chapter I refers to the trans-
mission matrix for a particular beam segment. With non-uniform beams, 
unlike the case of uniform beams, the transmission matrices are differ-
ent for different segments as A(x) and I(x) are different for each 
different section. If the beam in Fig. (21) is divided into N segments, 
then any segment taken would be similar to the original beam, with 
change in depth and width ratio and in length. Therefore, Eqs. (A.7) 
and (A.8) in appendix A are valid for any beam segment of rectangular 




where subscript i refers to the input face. 
D ratio of depth at output end to input end 
H = ratio of width at output end to input end 
and coefficients c1 ,c2 ,Bl' etc., are given by Eqs. (A.5) and (A. 6) . 
Quantities A. and I. are the area of cross section and the area moment 
~ ~ 
of inertia at the input face. Substituting the values of A(x) and 
I (x) from Eq. (3.3) and Eq. (3 .4) in Eq. (3. 2) and replacing x by 
zero gives: 
[A(o)] 0 0 pA.w 2 0 = ~ 
-1 0 0 0 
0 0 0 1 
(3. 5a) 
0 -1/EI. 0 0 
~ 
Substituting 
z A.pw 2 = l 
(3.5b) 
y = 1/EI. ~ 
(3. 5c) 
[A(o)] = 0 0 z 0 
-1 0 0 0 (3. 5d) 
0 0 0 1 
0 -Y 0 0 
Noting that differentiation of a matrix means differentiation of 
each of its elements with respect to the same variable, ~x [A(x)] is 
evaluated in the following manner. 
d d 
dx [A(x)] = dx 0 0 0 
(3. 6) -1 0 
0 
0 0 0 1 









Substituting x = 0 in Eq. (3.24) and Eq. (3.25), the Eq. (3.9) reduces to: 
[A(o)]' = 0 0 0 
0 0 0 
0 0 0 0 
(3.10) 
0 0 0 
Since all of the elements of [A(x)] except the two elements involving 
area A(x) and moment of inertia I(x) are constant, their derivatives 
are zero. It is understood, therefore, that in order to find the de-
rivative of the matrix [A(x)] we have to differentiate only the above 
mentioned two elements. Differentiating Eq. (3.7) and Eq. (3.8) gives: 
d 2 2 d 







Substituting x == 0 in Eq. (3.10a) and Eq. (3.10b) gives: 
d 2 2 [pw A(o)] == 
dx2 (3 .lla) 
(3 .llb) 
Differentiating Eq. (3.2) and evaluating the value at x 0 
using Eq. (3.lla, 3.llb) gives: 
[A(o)"] := 0 0 2c2z 0 
0 0 0 0 
(3 .11) 
0 0 0 0 
0 -Y(2B -2B ) 1 2 0 0 
It can be noted that Eq. (3.1) contains only up to second order 
derivatives of [A(x)]. Therefore, when four terms in the series are 
selected, we need to evaluate only up to second order derivatives. 
The higher order derivatives of [A(x)] evaluated at x = 0 are, however, 
necessary when more than fourterms in the series are considered. 
From Eq. (3.1), the series expansion of the transmission matrices 
is written as follows: 
With four terms in the series: 
2 3 
(T(x)J= [I] - x[A(o)] + ~! {[A(o)] 2- [A(o)]}+ ~! {-[A(o)] 3+[A(o)'][A(o)] 
+ 2. [A(o) ][A' (o)] - [A" (o)]} (3.12) 
With three terms in the series: 
2 2 
[T(x)]= [I] - x[A(o)] + ~! {[A(o)] - [A(o)]} (3.13) 
With two terms in the series: 
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(T(x)] = [I] - x[A(o)]. (3 .14) 
With the help of Eq. (3.22) we get 
0 0 z 0 0 0 z 0 0 0 0 z 
2 -1 0 0 0 -1 0 0 0 (\ [A(o)] =[A(o)][A(o)]= v 0 -z 0 
0 0 0 1 0 0 0 1 0 -Y 0 0 
0 -Y 0 0 0 -Y 0 0 y 0 0 0 
(3 .15) 
Multiplication of the Eq. (3. 5) and the Eq. (3. 9) gives: 
0 0 c1z 0 0 0 z 0 0 0 0 c1z 
[A' (o)] [A(o)]= = 
0 0 0 0 -1 0 0 0 0 0 0 0 
(3 .16) 
0 0 0 0 0 0 0 1 0 0 0 0 
0 YB1 0 0 0 -Y 0 0 ·-YB 1 0 0 0 
and 
0 0 z 0 0 0 c1z 0 0 0 0 0 
[A(o)] [A(O)' ]= == 
-1 0 0 0 0 0 0 0 0 0 -c z 0 1 (3.17) 
0 0 0 1 0 0 0 0 0 YB1 0 0 
0 -Y 0 0 0 YB1 0 0 0 0 0 0 
Post multiplication of the Eq. (3.15) by the Eq. (3. 5d) gives: 
3 2 0 0 
0 z 0 0 z 0 0 -ZY 0 0 
[A(o)] =[A(o)] [A(o) ]= 
0 0 -z 0 '-1 0 0 0 0 0 0 -z (3 .18) 
0 -Y 0 0 0 0 0 1 y 0 0 0 
y 0 0 0 0 -Y 0 0 0 0 ZY 0 
In the right hand side of Eq. (3.12) substitution of the Equations 
(3.5d, 3.9, 3.11, 3.15, 3.16, 3.17, 3.18) gives: 
(x3ZY/6) 
2 3 2 3 1 (-xz - X X (XZ X 2ClZ - y;2z) + 6Cl Z) 2 
2 3 3 X 1 (- xz X (XZ) 2 - 'JCl Z) 6 
[T (x) ] 3 2 3 -~ [- ~ + ~B ) 6 2 3 1 1 -x 
2 3 2 3 2 3 (~ -~B) X {xY - 2YB1 + prC2B1 - 2B2 )} X (- -ZY) 1 2 6 1 6 
(3. 37) 
Which is the transmission matrix with four terms in the series. 
Similar algebraic operations done w~th the Eq. (3 13) · h 
.._ . , g1.ves t e 
transmission matrix with three terms in the series as: 
2 2 1_ 0 X (X Z) (-xz - - c Z) 2 1 2 
2 
1 X X (-- Z) 0 2 




2 (xY - iYB1 ) 0 1 
and with the Eq. (3.32) gives the transmission matrix with two terms 
in the series as: 
1 0 -xz 0 
[T (x)] = X 1 0 0 (3 .20b) 
0 0 1 -x 
0 xY 0 1 
3.1 Transmission Hatrices for the Beam Element of Tapered Circular 
Section. 
In the previous section we restricted ourselves in dealing vlith 




the series expansion for the transmission matrix is true for the beam 
element of any shape. The factarswhich are dependent on the shape of 
the sections are the variables, area of cross section A(x) and the area 
moment of inertia I(x) which appear as the elements in the matrix 
[A(x)] and its derivatives. This section has been devoted to examining 
the form of the transmission matrix for the beam element of tapered 
circular section. 
The transmission matrix for a non-uniform beam element is given by 
Eq. (3.1) and the matrix [A(x)] by Eq. (3.2) as used for rectangular 
sections. In order to evaluate Eq. (3.1) for circular sections we need 
to first evaluate the matrix [A(x)] and its derivative at x = 0, and hence, 
the expressions for A(x) and I(x) for the tapered circular section which 
are derived in section (A.2) of Appendix A. 
We notice that Eq. (A.l4) and Eq. (A.l6) have the same form as 
Eq. (A.7) and Eq. (A.8), respectively. This is just a matter of coin-
cidence that for the two cases of cross sections, the expressions for 
areas of cross section and moment of inertia are of the same order. The 
constant coefficients, e.g., c1 ,c2 ,B1 , etc., however, have different 
values expressed in terms of the diameter ratio D. As mentioned 
earlier, the series expression for the transmission matrix is given 
by Eq. (3.1) is true for any kind of sections. The expression for 
the matrix [A(x)] as given by Eq. (3.2) is also true for all sections with 
various A(x) and I(x) for various sections. Since A(x) and I(x) for 
the tapered circular sections as given by Eq. (A.l4, A.l6) have the 
same form as given by Eq. (A.7, A.8) for the rectangular section, the 
derivation of the transmission matrix in this case has the same form as 
that for the rectangular section, but with different values of the 
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constants (C1 ,c2 ,B1 ,etc.). Therefore, for the tapered circular section 
the transmission matrices are also given by Eq. (3.19, 3.20a, 3.20b) 
where the constants c1 ,c2 ,B1 ,B2 , etc. are defined by Eq. (A.l3, A.l5). 
In order to derive expressions for A(x) and I(x) a tapered circular 
beam as shown in Fig. (22), has been chosen. The transmission matrices 
are to be evaluated for a particular segment of the beam. Therefore, 
in the case of a beam segment the Eq. (A.l4, A.l6) are to be modified 
by replacing A ,I by the same quantities at the input face and de-
c 0 
fining D as the ratio of the diameters at output end to input end. 
3.2 Numerical Application and Programming Technique. 
In the previous two sections the procedure for derivation of the 
transmission matrices for a beam element has been shown. The trans-
mission matrices as given by Eq. (3.19, 3.20a, 3.20b) are derived, 
in particular for the beam element of rectangular section. The same 
equations are also true for tapered circular sections with different 
values of the constants c1 ,c2 ,B1 , etc. The procedure for deriving the 
transmission matrices as shown in section (3.0) and Section (3.1) is, 
in general, valid for any shape of non-uniform beam. References 
throughout the discussion in this section are made to the beam of 
rectangular section. 
Equation (3.19) represents the transmission matrix for a beam 
segment when four terms in the series are taken. Notice that Eq. (3.20a) 
and Eq. (3.20b) are directly derived from Eq. (3.19) by dropping higher 
order x terms. For instance, when the number of terms taken are three, 
3 the coefficients of x terms in Eq. (3.37) are made equal to zero. In 
the computer program written for numerical evaluation the number of 
terms are changed by making the respective coefficients vanish. 
With Eq. (3.19) representing the transmission matrix at hand, we 
are now in a position to apply the approximate matrix to each segment 
and obtain the total transmission matrix for the entire beam. Consid-
ering the beam as shown in Fig. (13), for a choice of the number of 




Fig. 13 Non-uniform beam of rectangular section segmented into N elements 
segments equal to N, the segmental length becomes L/N. The value of 
x in Eq. (3.19) is replaced by L/N. Rewriting Eq. (1.2) as applied to 
the above beam gives: 
(3.21) 
or {~}input = [T] {~}output (3. 22) 
The immediate purpose is to get the transmission matrices for all 
the segments and multiply them together to get the total transmission 
matrix [T] inter-relating the state vectors at the input end to that 
of the output end of the beam. Referring to Fig.(l3) the left end of the 
beam is selected as the input end and the right end to be the output end. 
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Equation (3.19) gives the transmission matrix for a particular 
segment. All segments were chosen with the same length, L/N. The 
values of Z(x) and Y(x) are different for different segments as given 
by Eq. (3.5b, 3.5c). The values of the constants B1 ,B2 ,c1 are also 
different for different segments as given by Eq. (3.15, 3.16). Looking 
at the expressions for Z,Y,C1 ,B1 ,B2 it becomes clear that the only thing 
one has to know to have the transmission matrices for different segments 
is the depth and the width of the segment at the input and the output 
ends. For the two kinds of beams dealt with in this paper, i.e., 
circular section and rectangular section, the taper is linear. Therefore, 
the length of all the segments for a particular choice of N being equal, 
the difference between the same dimension at the two ends of the segments 
is the same for all segments. Referring to Fig. (3.4) the difference 
of d 0 to d 1 is the same as that of d1 to d 2 • For the same beam divided 
into N segments the differences in depth and width are given as: 
(do - d ) 
Dd L = N 
(3.23) 





Therefore, for the first segment,-D and H in Eq. (A.5, A.6) are given as 
D = (3.25a) 
H (3.25b) 
and for the second segment they are given as: 
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D = (3.26a) 
H = (3.26b) 




Proceeding in a similar way the above quantities for other segments are 
readily obtained. The total transmission matrix [T] as given by Eq. (3.22) 
is obtained by post multiplying transmission matrix for the segment 1 by 
the same for the segment 2, to give a product matrix. This product is 
then post multiplied by the transmission matrix for the third segment, 
and this process is continued to include all N segmental matrices. 
After the formation of the total transmission matrix, the charac-
teristic determinant as given by Eq. (1.9) is made to approach zero by 
changing the values of the frequency root w. The iterative scheme used 
is the same as discussed for the uniform case in section (2.1). 
3.3 Frequency Root Error 
The procedure for obtaining the transmission matrix for each 
different segment has been explained in the previous section. A 
program was written in Fortran IV for the IBM System/360 computer to 
multiply the N transmission matrices to give a total transmission 
matrix, from which the characteristic determinant was found. The 
iteration procedure followed to find the frequency root was exactly 
the same as described in Section (2.1). 
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In order to investigate the application of the method for non-
uniform beams, a beam of particular dimension was chosen. Tests were 
carried out with both rectangular and circular cross sections. Beams 
of tapered rectangular section were considered first. The frequency 
roots obtained for Fixed-Simply supported ends are compared with the 
exact solutions given by H. H. Mabie [3]. Work was also carried out 
for both rectangular and circular sections for Fixed-Free ends and 
the frequency roots obtained by this method were compared with the 
exact solutions as given by G. w. Housner [4]. The accuracy of the 
method has been shown in this section by the plot of the percentage 
frequency root errors for two cases of rectangular sections with Fixed-
Simply supported end conditions. 
Frequency roots lave been calculated with two, three, and four 
terms in the series for first, second, and third modes and with the 
number of segments varying from 4 to 20 in increments of 2 segments. 
The frequency root error is expressed exactly the same way as Eq. (2.12) 
and is given as: 
e = 
(Frequency obtained - Exact frequency) x 100 
Exact frequency 
(3.30) 
The material for the beam was considered to be steel with P = 488 lb/ft3 • 
6 E = 30xl0 psi. 
H. H. Mabie (3] has worked with beams of rectangular section with 
Fixed-Simply supported ends and has expressed non-dimensional frequency 
roots for various depth and width ratios. Two such cases have been 
chosen in this section for the sake of comparison of the frequency roots. 
Case 1. Constant width, variable depth: - The depth ratio (D) 
was selected as equal to 0.5. Keeping the same depth ratio, the 
dimensions of the beam shown in Fig. (14) have been chosen arbitrarily 





Fig. 14 Rectangular beam of constant width but variable depth 
With the dimensions of the beam shown in Fig. (14) the exact 
frequency roots calculated are: 
First mode frequency root= 393.7497 rad/sec 
Second mode frequency root = 1201.3360 rad/sec (3.31) 
Third mode frequency root= 2468.7790 rad/sec 
Frequency roots obtained by the application of the method con-
cerned are compared with the exact solution and plot of percentage 
frequency root error are shown in Fig. (16). 
Case 2. Constant depth, variable width: - The width ratio of 
0.5 was chosen and the dimensions shown for the beam in Fig. (15) 
below are chosen arbitrarily. 
)_ __ 





Fig. 15 Rectangular beam of constant depth but variable width 
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For the beam shown in the Fig. (15), the exact frequency roots 
calculated are: 
First mode frequency root = 256.8017 rad/sec (3.32) 
Second mode frequency root = 809.1877 rad/sec 
Third mode frequency root = 1678.3980 rad/sec 
Plots of the percentage frequency root errors are shown in 
Fig. (17). 
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In either case the frequency roots as obtained with number of terms 
two in the series was found to be more than the exact root. With number 
of terms three and four in the series the frequency roots were always 
found to be less than the exact ones. That means that the percentage 
frequency roots were both positive and negative. In order to plot all 
curves on the same semi-log paper, the absolute values of the percentage 
frequency root errors were plotted against different numbers of segments 
of the beam. 
The change of the frequency root errors with the change of the 
number of segments was determined by comparing the slope of each curve 
with the plot of 1/Nn curve, where N is the number of segment and n = 
1,2,3,4 etc. The plot of 1/N, l/N2 , l/N3 , etc., are first accomplished 
in the semi-log paper with the same scale as done for the plot of per-
centage frequency root error. The frequency root error curve is then 
compared with these plots. The plot of frequency root error which has 
nearly 
2 
the same slope as that of 1/N curve is considered as the fre-
quency root to be proportional to l/N2 • 
For both Case 1 and Case 2, the frequency root error with number 
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Fig. 16a First mode frequency root error 
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Fig. 16b Second mode frequency root error for beams 
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Fig. 16c Third mode frequency root error for beams 
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Fig. 17a First mode frequency root error for beams 
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Fig. 17b Second mode frequency root error for beams 
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Fig. 17c Third mode frequency root error for beams 
of rectangular section (variable width) 
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l/N2 • w· h f 1t our terms in the series the frequency root error was found 
to be proportional to l/N3 . This nature of the frequency root error 
relation with the number of segments was found to be true for all of 
the first three principal modes. 
Leckie and Lindberg [6] have examined the effect of different 
choices of parameters on the beam frequen~ies for the Bernoulli-Euler 
beams. They have shown that the models which give the least frequency 
root errors display the following behavior: 
(a) If neither end is free the errors are proportional to l/N4 
for large N. 
(b) In cases where one or both ends are free the errors are 
proportional to l/N2 for large N. 
To eliminate the inconsistency shown by the different boundary 
conditions, Leckie and Lindberg [6] have applied a modified stiffness 
matrix to Bernoulli-Euler beam elements which they call the dynamic 
stiffness matrix. This matrix accounts for the stiffness properties of 
a massless elastic beam element and a first order distribution of the 
inertia forces. 
The dynamic stiffness matrix, therefore, does not describe an 
actual lumped parameter model as neither mass nor stiffness are lumped 
into discrete point elements. The dynamic stiffness matrix brings 
into effect a distribution of inertia forces just as the consistent 
mass matrix which is a nondiagonal mass matrix. 
Lindberg [5] has used the dynamic stiffness matrix for cantilever 
beams to get the frequency roots for the uniform beams (d=H=l), the 
wedge (D=O, H=l) and the cone (D=H=O). The solutions for these three 
4 
cases have been found to have errors proportional to 1/N • Applying 
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the approximate transmission matrix method, the errors have been found, 
herein, to be proportional to l/N2 and l/N3 for three (or two) and four 
terms in the series, respectively. Since inclusion of the more terms of 
the series in forming the transmission matrix, has been observed to 
yield better results, one can expect that when more than four terms in 
the series are taken the frequency root errors will have greater rate 
of convergence. 
~ mentioned earlier, the transmission matrix has been evaluated 
with a maximum of four terms in the series and has been found to produce 
better results than with two or three terms in the series. The results 
obtained with four terms in the series and with 20 segments of the beam 
are very close to the exact solution. For example, in Fig. (16a) for 
the beam described in Case 1 the percentage error for the first mode 
with four terms in the series is less than 0.1%. Assuming that similar 
results are obtainable with different boundary conditions and various 
shapes of the beam, one can proceed to apply the technique to obtain 
the frequency roots for any desired case. 
Being convinced that the method is capable of producing frequency 
roots close to the exact solution, work has been carried out in deter-
mining the frequency roots for several cases of non-uniform beams. 
3.4 Dimensionless Frequency Roots for Non-Uniform Beams of Rectangular 
Section. 
Work described in the preceding sections was devoted to explaining 
the technique being followed in this paper and finding the efficiency of 
the method in producing the frequency roots of normal modes. Results 
were obtained by the method for uniform and non-uniform cases with 
several different boundary conditions and comparisons show them to be 
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equally good as other approximate methods. The method should, therefore, 
be capable of producing frequency parameters for any shape of beam 
with any end conditions. For practical use, the frequency parameter 
has been obtained in non-dimensional form. 
Non-dimensional frequency roots have been calculated for wedge 
shaped beams with Fixed-Fixed and Pinned-Pinned ends as shown in the 










Fig. 18 End conditions for the rectangular beam 
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For the purpose of numerical manipulation the dimensions shown 
in Fig. (18a) were taken. Steel material with density p = 0.339 lb/in3 
and E = 30xl06 psi was chosen. In order that the results of this work 
can be used in general for any length of the beam of any material a 
dimensionless parameter has been evaluated as expressed below. 
Using the same definition as before ~ 
p = weight density of the material 
E = modulus of elasticity 
L length of the beam 
= ro area moment of inertia of the section of maximum area 
Ao maximum cross sectional area 
w = frequency root in rad/sec 
g acceleration due to gravity 
Then the quantity w2ApL4 is seen to be dimensionless because 
Eig 
(rad/sec) 2 in~ lb/in~ in~ = 1 
lb/ . 2 . 4 . I 2 1n. 1n. 1n. sec 
(3. 40) 
To give a suitable dimensionless number, the above quantity has 
been slightly modified to give: 
B = 
2 - 4 1 (w ApL ) 
10 Eig 
The dimensionless parameter B (Beta) has been calculated for 
beams with Fixed-Fixed and Fixed-Free ends. These calculations are 
done with four terms in the matrix series and 20 segments of the beam. 
The parameter B is evaluated for first, second, and third modes in the 
above two cases. For each mode B has been evaluated for various values 
of the depth and the width ratios. To obtain different depth and 
width ratios the depth and the width of one end is kept fixed and the 
dimensions of the other end are varied. The technique used to search 
out the frequency roots is the same as described in Section (2.1). 
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The reason for producing output in the form of a dimensionless parameter 
S is that the frequency root for a beam of any dimensions conforming to 
the depth ratio D, width ratio H, and the end conditions (for which a 
is selected) can be easily calculated. 
The quantity D and H have the same definitions as before: 
D = ratio of depth (variable) at right end of the beam to the depth 
at left end (constant) 
H = ratio of the width (variable) at right end of the beam to the 
depth at left end (constant). 
The values of dimensionless frequency root are calculated for first, 
second, and third modes and are tabulated in the following tables. 
The frequency roots have been calculated for various width and 
depth ratios. Beta, the dimensionless parameter has been plotted against 
the depth ratio D for different values of width ratio H. These plots 
for different modes (1st, 2nd, and 3rd modes only) and for Fixed-Fixed 














First mode dimensionless frequency parameter - Fixed-Fixed ends 
H=0.2 H=0.4 H=0.6 H=0.8 
7.7676 6.9748 6.4256 6.0181 
11.6292 11.1152 10.6423 10.2452 
15.3701 15.1065 14.7360 14.3670 
19.0380 19.0802 18.8031 18.4699 
22.7287 23.0425 22.9014 22.6418 
26.4476 27.0684 27.0815 26.8979 
30.2224 31.1872 31.3598 31.2640 
34.0741 35.3815 35.7382 35.7382 
38.0227 39.6822 40.2432 40.3903 
42.0000 44.0628 44.8475 45.0933 




























Second mode dimensionless frequency parameter - Fixed-Fixed ends 
H=0.2 H=0.4 H=0.6 H=0.8 
49.3481 46.3026 44.3965 43.0316 
79.8806 77.6961 75.9671 74.5411 
109.8734 108.2370 107.2971 105.9666 
139.6342 139.6414 138.6374 137.4202 
169.7250 170.9336 170.3791 169.4234 
200.0252 202.7633 202.7633 202.0222 
231.1670 235.1737 235.8845 235.5290 
262.8064 268.5930 270.1128 270.1128 
295.2795 303.0215 305.7144 305.7144 
328.8042 337.2539 340.0947 341.5193 



























TABLE V Third mode dimensionless frequency parameter - Fixed-Fixed ends 
H=O.O H=0.2 H=0.4 H=0.6 H=0.8 
193.4012 171.5901 166.8218 160.5034 158.6267 
296.5142 288.9878 284.3491 280.2000 275.8250 
400.8418 406.1902 402.8970 398.9126 395.8359 
504.3540 521.8347 521.8347 520.4253 516.2085 
609.8870 640.8113 645.4597 640.7625 638.7910 
709.7261 765.0422 766.6921 769.1563 765.0422 
821.5481 885.5708 894.7815 896.6289 892.9355 
932.0984 1013.4370 1023.2890 1026.7480 1026.7480 
1046.6260 1141.3030 1161.4680 1161.4680 1161.4680 
1162.2570 1271.2560 1291.1450 1298.9220 1298.9910 




























First mode dimensionless frequency parameter - Pinned-Pinned ends 
H=0.2 H=0.4 H=0.6 H=0.8 
o. 2371 0.3152 0.3661 0.4024 
1.0760 1. 2583 1.3716 1.4501 
1.8899 2.1163 2.2541 2.3479 
2. 7229 2.9753 3.1255 3.2258 
3.5836 3.8515 4.0069 4.1081 
4.4738 4.7494 4.9046 5.0028 
5.3935 5.6708 5.8241 5.9130 
6.3420 6.6159 6.7583 6.8404 
7.3187 7.5848 7. 7189 7.7856 
8.3229 8.5777 8.6933 8.7538 




























Second mode dimensionless frequency parameter - Pinned-Pinned ends 
H=0.2 H=0.4 H=0.6 H=0.8 H=l.O 
21.5881 19.8416 18.9422 18.3945 18.0237 
35.3907 34.1425 33.4032 32.9328 32.5920 
47.8833 46.7755 46.0677 45.6109 45.2983 
60.2408 59.2292 58.5481 58.0996 57.7682 
72.8051 71. R670 71.1980 70.8078 70.4996 
85.6724 84.8529 84.2497 83.8429 83.5781 
99.0511 98.2846 97.6734 97.2924 97.0262 
112.7025 112.0072 111.5584 111.1512 111.0699 
126.8000 126.2791 125.7594 125.5430 125.3702 
141.3608 140.9024 140.6277 140.4448 140.4448 
















Third mode dimensionless frequency parameter - Pinned-Pinned ends 
H=O. 2 H=0.4 H=0.6 H=0.8 H=l.O 
95.9875 90. 7 () 77 88.2125 86.6850 85.6462 
165.9484 161.5316 159.2456 157.6051 155.2500 
230.6881 226.4393 224.1876 222.5943 221.4731 
294.7495 290.7991 288.5549 286.7881 285.8411 
359.7258 355.6392 353.3142 352.2271 351.2139 
426.3750 422.5588 420.3804 419.1157 418.1287 
494.7290 491.3020 489.4221 487.9719 487.4604 
565.0398 562.1084 559.9150 558.8198 557.5435 
637.8745 635.1487 632.3315 631.2649 630.8770 
712.0308 709.1506 707.3025 707.0974 706.4819 






































H = 1.0 
H = 0.8 
H = 0.6 
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Fig. 19a First mode dimensionless frequency root 
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Fig. 19b Second mode dimensionless frequency root 

































H = 1.0 
H = 0.8 
0.0 0.1 0.2 0.3 0.4 \0.5 0.6 0.7 0.8 0.9 1.0 
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Fig. 19c Third mode dimensionless frequency root 






































H = 1.0 
H = 0.8 
H = 0.6 
H= 0.4 
H = 0.2 
H = 0.0 
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Fig. 20a First mode dimensionless frequency roots 


































H = 1.0 
H = 0.8 
o.o 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
D 
Fig. 20b Second mode dimensionless frequency ro0ts 





H = 1.0 
H = 0.8 
H = 0.0 
Fig. 20c Third mode dimensionless frequency roots 
for beams with Pinned-Pinned ends 
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CONCLUSIONS 
The objective of this work has been to investigate the efficiency 
of the approximate transmission matrix method in producing the normal 
mode frequency roots for different types of uniform and non-uniform 
beams in transverse vibration. To qualitatively evaluate the accuracy 
of the method, frequency roots obtained by applying this method have 
been compared with the corresponding exact solutions. For a comparison 
with uniform beam elements, boundary conditions of Fixed-Fixed and Fixed-
Free ends were used. For the comparison with non-uniform beams, the 
boundary condition of Fixed-Pinned ends was used. Frequency root error 
characteristics shown by this method have been compared with that of the 
standard lumped parameter methods. On the basis of these investigations 
the following conclusions are drawn: 
1. Progressively better results are obtained by increasing the 
number of terms used in the power series to form the trans-
mission matrix. When two, three and four terms are used in 
the power series the frequency root errors behave proportional 
to l/N2 , l/N2, l/N3 , respectively, for large N. These results 
appeared to be consistent for uniform or non-uniform beam 
elements and independent of the boundary condition used. 
2. The better lumped parameter models produce frequency root 
4 2 
errors which are proportional to 1/N and 1/N , for large N, 
depending upon whether both ends are fixed or one end is free. 
The approximate transmission matrix produces results comparable 
to those of the lumped parameters models when four terms are 
used in the power series. 
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3. The approximate transmission matrix method is easily applied 
as it deals with only two unknowns, A(x) and I(x). When higher 
order terms in the series are considered, higher order derivatives 
of these two quantities must be determined, but no equivalent 
masses or spring elements need be determined as is necessary in 
any lumped parameter method. 
4. Unlike the standard lumped parameter models, the number of 
normal modes obtainable by the approximate transmission matrix 
method cannot be easily predicted from the number of segments 
into which the beam is divided because this property depends 
also upon the number of terms used in the power series to form 
the transmission matrix. 
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APPENDIX A 
DERIVATION OF A GENERAL FORM FOR THE AREA AND THE MOMENT OF 
INERTIA AT ANY SECTION OF NON-UNIFORM BEANS 
A.l Beams of Wedge Shape 
Consider a beam of tapered rectangular section as shown in Fig. (21). 








Fig. 21 Beam of tapered rectangular section 
ho width at the left end u at X = 0 
do depth at the left end u at X = 0 
hL = width at the opposite end of the beam, at x 
dL = depth at the opposite end of the bearn, at x = 
L = length of the beam 
Let H = ~/ho, the ratio of 'the width 
D = dL/do, the ratio of the depth. 
L 
L 
Then the width, depth and area of cross section at a distance x from 
left face are given as: 
and 
or 
h = h0 {1 - (1-H) ~} 
d = d {1 - (1-D) X} 0 1 
2 
A= (d)(h) = h d {1- (1-H) ~- (1-b) K+ (1-H)(l-D) K-} 0 0 1 1 12 
2 








1 3 1 3{ x x 3 I = 12 hd = 12 h0d0 1 - (1-H) 1J {1 - (1-D) 1J 
2 3 
I {1 - 3(1-D) ~ + 3(1-D) 2 K_- (l-D) 3 K-} 0 1 12 13 
2 
x { (1 ) K + 3 (l-D)2 L -
- I (1-H) - 1 - 3 -D 0 1 L L 2 
2 
I= I [1- {3(1-D) + (1-H)} -1x + 3 {(l-D) 2 + (1-H)(l-D)} K_ 0 12 
3 4 
- {(l-D) 3 + 3(1-H)(l-D) 2} L + (l-H)(l-D) 3 x4] 13 L 
Substituting c1 = - (2-H-H)/1 
c2 = (1-H)(1-D)/12 
into Eq. (3.13) and 
Sl = - {3(1-D) + (1-H)}/1 









S3 =- {(l-D) 3 + 3(1-H)(l-D) 2}{LJ 
S4 = {(l-H)(l-D)3}{L4 
(A. 6c) 
into Eq. (3.14) gives: 
A= A0 (1 + c1x + c2x 2) 
2 I = r 0 (1 + s1x + s2x 









Fig. 22 Beam of tapered circular section 
The beam shown has the length L, the largest and the smallest 
diameters as d0 and dL' respectively. Defining D = ratio of the 
smallest diameter to the largest diameter, i.e., dL/do, the expressions 
for the area and the moment of inertia at a distance x from the left 
end of the beam in Fig. (A.2) are given as: 
where 










A(x) = ~4 d(x)2 = TI d 2 {1 - (1-D)x} 
4 0 L 
2 
A(x) = A0 {1- 2(1-D) ~+ (1-D) 2 ~} L 1 2 
I (x) = ~ d (x) 4 
2 2 ~ 4 { X 2 X 
= 64 d0 1 - 2(1-D) L + (1-D) -} L2 
X 2 4 4 
= 10 { [L - 2 (1-D)-] + (1-D) ~} L 14 
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(A.11) 
3 2 4 
= 10 {1 - 4(1-D) 3 ~ + 6(1-D) 2 ~- 4(1-D)x + (1-D) 4 ~} or I(x) 
In Eq. (3.42) substituting 
we get 
c1 = -2 (1-D}'L 
c2 (1-D) 2 





And in Eq. (3.43) upon substitution of 
gives 
B1 = - 4 (1-D) /L 
s2 = 6(1-n) 2/L2 
B3 = - 4(1-n) 3/L3 
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